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In using rent loss to estimate the vacancy rate, we could not

simply use the average percent of rent lost because of vacancy. That

woul-d give a biased estimate whenever low-rent units had vacancy rates
systematically different from high-rent units. To avoid that bias,
we used weights proportional to the number of uniEs on a property
(instead of proportional to the propertyrs rent), when averaging

Property-specific rent-1oss rates over all properties in the analysis
sample. lJe would like to make the adjustment at the unit level,
but with landlord survey data it can only be done at the properEy

1eve1.

TURNOVER RATE

The turnover rate is the frequency lyi-th r^rhich vacanci-es occur.
If we date vacancies by starting date, then annual turnover equals

the number of Eimes during a year that occupants move out of exi-sting
units plus the number of units newly entering the rental or sales

market. Alternatively, if we date vacancies by ending date, then

annual turnover equals the number of times during a year that occupants

move into a unit plus the number of units removed from the rental or
sales market, The two operational definitions are equivalent if the

turnover process is annually cyc1ical.
I^Je used the second operational definitlon, the frequency with

which vacancies end, in estimating the turnover rates in this analysis.
For Ehe national and regional averages in Table 2.L we summed the

move-in rate (annual number of move-ins per housing unit) and the re-
moval rate (annual number of unlts removed from the housing market

relatlve to the number in the market). For the St. Joseph County and

Brown County averages in Tab1e 3.1, however, we used only the move-in

rate because the HASE baseline studies cover only housi-ng rhat existed
all year.

Mobility histories in the HASE tenant/homeowner surveys provided

the annual counts of move-ins for the experimental sites. !'le "trrlr -"
totaled the move-ins reported by the histories for the baseline year.

*
Previous IIASE analyses of turnover on rental properties esti-

mated the Eurnover rate by annual counts of move-outs reported by
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The Census Bureauts annual housing survey for 1975 reported the

number of households that moved into their housing unit during the

12 months preceding October 1975. However, that count includes only

the last moves made during the year. To obtain toEal move-ins, we

added an estimate of the prior moves made by households during the

same year. It was calculated by multiplying the number of last move-

ins in the nation or region by .08 for owner units and by .39 for
renter units; those factors were obtained from IIASE data.

Table A.1 presents the three components of the estimated national
and regional turnover rates: last move-ins, prior move-i-ns, and re-
movals. Table A.2 shows the data used to estimate the ratio of prior
move-ins to last move-ins.

SEASONAL VARIATION

The Bureau of the Census estimaEes annual vacancy rat.e for its
Housing Vacancies report by averaging the results of four quarterly
estimates. Those results show very 1ittle seasonal variation in vacancy

rates (see Table A.3). Presumably neither the number of households

nor Ehe number of housing units varies seasonally. The lack of seasonal

variation in vacancy rates means that, if necessary, one can use the

results of a vacancy survey in only one season to estimate the annual

average vacancy rate. That was necessary for estimating the vacancy

rates of owner units in St. Joseph and Brown count.ies.

In contrast to the vacancy rate, the turnover rate varies greatly
by season. Using utility company records of address changes for Bror^m

landlords; see Thi.rd Annual Report of the Housing Asststarrce Supply
ExperimerLt, pp. 64-65. Theoretically, the move-ins reported by tenants
should equal the move-outs reported by landlords, for properties that
exist illl year. In practice, however, the landlord counts tend to be
l.ower Ehirn the tenant counts, though not uniformly so. We do not know
Lhe reason for the differences but judge that the tenant survey is more
accuratcr because it is more detailed. The tenant survey obtains a
mobility history, complete with move-in dates and unit characteristics,
while thc landlord survey only obtains the landlord's count of annual
move-outs for all units on his or her property.

We did not need to resort Lo nonseasonality in estimatlng the
annual vacancy rates of rental units because we had data covering
the entire yearrs rent loss due to vacancies.
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Table A.1

ANNUAL TURNOVER OF HOUSING UNITS BY TENURE

AND REGION: UNITED STATES, 7975

Number per 100 tlousing Units

A,tner Units

Region

Northeas t
North Central
South
West
United States

Northeast
I.lorth Central
South
West
United States

Northeast
North Central
South
West
United States

Renter Units

ALL Untts

Annual
Turnover

L8.7
23.0
27 .O
32.4
25.t

6.0
9.5

11. 5
13. r
9.9

52.0
57.2
6L.6

36. s

51. 5

SOURCE: Annual Housing Suruey: L975, Part A, Bureau
of the Census, Series H-150-75A, Tab1es I and 5 in Secs.
A tirrough E.

4Number of households that moved into their units during
the 12 months preceding October L975.

h"Estimated by multiplying last move-ins by .08 for own-
ers and .39 for renters (see Table A.2 for the derivation of
these factors).

cOne-half rhe units removed from the
OcEober 1973 and October L975.

ComponenEs of Annual Turnover

Last
Move-insa b

Pr ior
Move-ins c

Removals
from

InvenEory

2

1

1

4
4

5

8

9

11
8

0.4
o.7
0.7
0.9
0.7

0.4
0.7
L.2
0.8
0.8

36.0
39.5
43.2
35.7

25.2 9.8
14. 0
15. 5
L6.9
13.9

1.5
2.0
'))
1.5
1.9

0.9
1.1
1.6
1.1
L.2

13. 5

17. 0
L9 .6
24.L
18.4

4.3
4.9
5.8
7.2
5.5

inventory between
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Table A.2

ANNUAL MOBILITY OF HOUSEHOLDS BY TENURE: BROWN

couNTy, L973, AND ST. JOSEPH COUNTY, L974

Ratio of
Total

Move-ins
to Mobile

Householdsa

)umer
Brown CounEy
St. Joseph County

Average

Renter
Brown County
St. Joseph CounEy

Average

SOURCE: IIASE baseline surveys of t.enants and homeowners (excludlng
occupants of mobile homes, rooming houses, farmhouses, and federally
subsidized units).

NOTE: Sample sizes are 21833 renters and 900 owners i-n Bronm County,
and 2,133 renters and 641 owners in St. Joseph County.

aRatio of the total number of move-ins during a year to the number of
households making one or more moves durlng the yeari e.g., for Brown
County owners, [(1) (7.L) + (2) (0.5))117.1 + 0.5] = 1.07.

County, we found that turnover rates are twice as high j-n surmner as

they are in winter (see Table A.4).
If we are correct in assuming that Brown Countyrs seasonal varia-

tion in turnover rates al-so occurs nationally, then the evidence that
v:tcan('y rat(: is seasonally constant implies seasonal variation in average

vit(-iln('y dtrrrttion. 'Io acc-ommodate the larger number of sununer turnovers
withorrt inc'rerrsing the'vacirncy rate, average vacancy duration rnust be

itlrorrt lta I l' irs gre.lt in summer as in winter.
'l'lrir t rrrrn()v€rr rtIf e<'ts vacancy duration during a year runs counter

to tltis reportfs conclusion that annual turnover is a demographic char-
acteristic tlrirt is independent of the annual average vacancy duration
caused by rn;rrket r:ondition.

No available evidence suggests, nor does it seem plausible, that
market condition varies seasonally with vacancy duration. The theoret-
ical and empiric.rJ c:onclusions in this report are not affected by

1.07
1. 10
1.08

1. 38
1. 40
1. 39

PercenEage Distribution of Households
by Number of Move-ins per Year

0 1 2 3 4 5+ A11

0.5
0.4
0.5

0.5
0.2
0.3

100. 0

100. 0
100.0

100.0
100. 0
100. 0

92.4
90.4
9L.4

50.0
54.t
52.1

7.t
8.9
8.0

35 .7
31. 6
33.7

11. 1
L7.2
11. 1

0.5
0.4
o.4

0.3
0.2

2.2
2.5
2.3
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Table A.3

VACANCY RATE BY SEASON:

UNITED STATES, L967-76

Vacancy Rate
(%)

Renter
UnitsSeason

First quarter
Second quarter
Third quarter
Fourth quarter

Month

January
February
March
April
May
June
July
Augus t
September
October
November
December

Total

Percent of
Address Changes

10.
9.

L2.
10.
8.
7.

100.

5. 85
5.92
5.90
5 .56

SOURCE: //ousLng .9,
fourth quarter L976, Bureau of
the Census, Series H-L1L-76-4,
Table 1, p. 1.

Table A.4

PERCENTAGE DI STRIBUTION
OF ADDRESS CHANGES BY
MONTH: BROWN COIJNTY,

WISCONSIN , T97 O_7 3

5

5

6

6
7

10

5

4

4
0
4

1

1

7

3

7

7

7

0

SOURCE: Compiled from
connect-d isconnect records
of the utility company serv-
ing Brown County.

Owner
UniEs

1. 11
1.07
L.t7
1. 15
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seasonal variation in turnover rates and vacancy durations. The proofs

of theoreti-cal relationships assume only Ehat the annual cycles in

turnover rates and vacancy durations are the same each year, and the

empirical comparisons use annual averages.

STANDARD ERRORS OF ESTIMATE

To guard against spurious conclusions (ones that subsequent sam-

ples will fail to replicate), Tables 2.1 and 3,1 report standard errors

of estimate. lJith sample sizes like ours of at least 100 observations,

the estimated value of a parameter will differ from the true value by

less than the standard error 68 times out of 100, and it will differ
by less than 1.96 times the standard error 95 times out of 100.

When vacancy rate is measured by the proportion of units that
are vacant on a given day, the standard error equals (1 - u)ln,
where z-l = vacancy rate and n = sample size (in units). When vacancy

rate is measured by the rent-loss rate, the standard error i, ITT/r,
where s = standard deviation (root mean square devi-ation from the mean)

of the rent-loss rate and z = sample size (in properties).
We estimate the standard error of the annual rurnover rate by

tEn, where f, = annual turnover per unit and n = sample size (in units).
The formula assumes that the variance of annual turnover per unit equals

the average, i.e., that turnovers have a Poisson distribution. Table

A.5 demonstrates the validity of that assumption. Note, however, that

the test is not perfect since it is done on move-ins per household

instead of on turnovers per housing unit: the denominator is house-

holds instead of housing units, and the numerator does not include

removals. Nevertheless, the test adequately defends the lt/n formula

for obEaining approximate standard errors of turnover rates.
Fin:rlly, we estimate the standard errors of average vacancy dura-

tion with the formula for error propagation under division: s(u/t)
= (u/D{ [s(u) /u)2 * ts(r) lt)2, where s(u/t) is the standard error
of tlre ratio of vacancy rate, u, to turnover rate, f,, and s(u) and

s(f,) are the standard errors of the vacancy and turnover rates.
The standard errors for the national and regional vacancy rates

in Iable 2.1 were computed by the Census Bureau and published along
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Table A.5

ACTUAL VS. POISSON DISTRIBUTIONS OF HOUSE}IOLDS BY NUMBER OI.' MoVII-INS
PER YEAR: BROWN COUNTY, L973, AND ST. JOSEPH COUN'I]Y, 1974

Rent e r

Annual Move-ins
per Household

Average number
of move-ins

Variance of
the number
of move-ins

Poisson
Dis t ribut iou
o f llouseho 1ds

0
1

2

3

4

5+

51.
34.
r1.
)

5
1

3

5
4
2

0;\I1 households 100.

SOURCE: Actual distribution from the average of Brown and St. Joseph
counties in Table A.2. Poisson distribution fiom n-m*t7t!, wtrere if = tlre:
number of move-ins per household per year, and n = average of /, (known
from the actual distribution).

.633

.633

t^rith the vacancy rates. The accompanying notes on sample error ex-
plain that the vacancy rates come from the naEional Current Population
Survey sample of.57,000 housing units vislted monEhly, and that the

standard errors measure the effects of response and enumeration errors
as well as sampling variability.

The standard errors for the national and regional turnover rates
in Table 2.I are computed using *" /tln formula, with sample sizes by

region and tenure estimated as 1 unit out of every L,366 in the popu-
**lation. The national sample is slightly larger than that used for

Ehe Current Population Survey.

*
Housing Vacancies, annual statistics 1975, Bureau of the Census,

Series H-111-75-5, pp. 8 and 10.
**-"-The rule of thumb for sample sizes i-s given in Annual Housinll

Suruey: L975, Part A, Bureau of the Census, Seri-es H-150-75A, pp.
App-43, 44.

Owner

Actual
Dis t ribut ion
of Households

Poisson
Dis t ribution
of Households

Act ua1
Dis t rib ut i on
of Households

100 0

8
91. 4

0
4
2

100.0

2

4

4

91
8

52.1
33.7
11. I
2.3

c.)
.3

100 .0

.o92

.105

.o92

092

.633

.703
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The standard errors for the vacancy and turnover rates in Brown

and St. Joseph counties are estimated using the sample si.zes given

in Tables 4.6 and A.7. The sample for owner vacancy rates is larger
than that for owner turnover rates because all attempted interviews
obtained occupancy status, whereas only completed intervlews obtained

turnover data. The sample of properties for computing renter vacancy

rates by the rent-loss method ls sometimes larger than the sample of

units for renter turnover rates (because some landlords completed

interviews when tenants did not), and sometimes smaller (either be-

cause tenants completed interviews when landlords did not or because

multiunit properties have more than one tenant).

Table A.6

SIZE OF SAI'IPLES USED TO ESTI},IATE VACA}JCY A}TD TURNOVER
RATES FOR OWNER I.]NITS: ST. JOSEPH COUNTY,

t974, AND BROWN COUNTY, L973

Location

Central South Bend
Rest of St. Joseph County
Brorrm County

To tal

Sample for
Turnover Rate

Es timatesb
(units )

164
477
900

L,54L

SOURCE: HASE baseline surveys of homeowners.
ooo^u, units ln the baseline sample, whether or not

an inEerview was obtained (occupancy status hras deter-
mined during the interview attempt, not in the inter-
view).

'Owrler units for which the occupantrs mobility
h.istory was olrtained in an interview.

Sample for
Vacancy Rate

Es E lmatesa
(units )

328
814

L,24L
2,383
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Table A.7

SIZE OF SAMPLES USED TO ESTII,IATE VACAI{CY AND TURNOVEIi.

RATES FOR RENTER I]NITS: ST. JOSEPH COI.]NTY,
7974, AND BROWN COUNTY , 1973

Sample
Turnover
Estimat
(units)

Rate

""b

for

Location and
Property Type

Central South Bend
Single-unit property
Multiunit property

Rest of St. Joseph County
Single-unit property
Multiunit property

Broum Cotmty
Single-unit property
Multiunlt. property

Total

306
463

355
1,009

725
2,L08

4,966

SOURCE: HASE baseline surveys of landlords and
tenants.

aRental properties for which complete rent infor-
mation was obtained in a landlord survey.

h"Renter units for which a complete mobility history
was obtained in a tenant survey.

Sample for
Vacancy Rate

Es E imates4
(p rope rties )

4L3
408

448
253

642
938

3,L02
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Appendix B

ESTIMATING AVERAGE INTERRUPTED VACANCY DURATION

Interrupted vacancy duration is the ti-me from the start of a

vacancy to its ttinterruptiontt by a vacancy survey. The Census Bur-

eau obEains the frequency distribution of i-nterrupted vacancy dura-

tions using five closed i-ntervals and one open interval (see Table

B.1). To estimate the overall average interrupted vacancy dur-
ation, we assumed that t.he duratiots uithLn each interual are dis-
tributed exponentially, so that the average duration in an interval
is equal to:

b

tte -xi

EGla<i<b)
,L:A!

Xe -l,i

where EGla < i < b) = expected value of interrupted durations i-n an

interval,
i = interrupted vacancy duration,
a = starti-ng month of the interval ,

b = ending month of the interval, and

). = probability that a vacancy will end during a

month.

We estimate the probability Ehat a vacancy will end during a

month by the inverse of the average vacancy duration. The national
average vacancy duration is 6.2 weeks, or 1.43 months. Its inverse,
to be used as I in the equation above, ls 0.7.

The resulting estimated averages by interval are given in the last
t.wcr columns of Table B.1. Using them, \de computed the overall average

for the erntirc range of interrupted vacancy durations.

b

I
L:A
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Table B.1

AVERAGE INTERRUPTED VACANCY DURATION:
UNITED STATES, 7975

Interrupted
Vacancy
Dura tion

Less than I month
7 to 2 months
2 to 4 monEhs
4 to 6 months
6 to 12 months
12 montlls or more

Entire range

Average lnterrupted
Vacancy Duration

Weeks

Ouner Units

t.9
6.2

12.0
20 .7
31. 8
58.2
27 .4

Renten Units

Less than 1 month
I to 2 months
2 to 4 mont.hs
4 to 6 months
6 to 12 months
12 months or more

Entire range

SOURCE: Houstrq Vacanc'Les, first through fourth
quarters, L975, Bureau of the Census, Series H-111-
75-1 through 4.

NOTE: The distribuEion of vacant units is the
average of those reported for each of Ehe four
quarters. The overall average duration is Ehe sum
of the detailed range averages weighted by the
distribution of vacant units. See accompanying text
for the method of estimating the detailed range
averages.

Because the text showed that the average interrupted vacancy

duration is considerably larger than the average complete vacancy

duration, we know that Ehe assumption of a negative exPonential dis-

tribution is not correct. However, because we use the assumption

only within each interval, the errors caused by the assumption are

acceptable. In other words, if we knew the correct interval averages

1.9
6.2

12.o
20 .7
31.8
58.2
16. 3

Percentage
Dis t riburion

of
Vacant Units Months

13
11
L7
13
19
27

100

0.44
1.44
2.77
4.77
7 .34

13.43
6. 33

34
16
L7
10
11
L2

100

o .44
L.44
2.77
4.77
7 .34

13. 43
3.7 s
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t() use ln 'I,;rble B.l, they would not dlffer much from those obtained

by trs i ng, t ltt. t'xponcn t i;r I ;rpproxima t iotr .

'l'ablt' ll .2 sltows tltt' results 9[ :rpplytrrg tlrt. ntr:tltod Irr 'l'lttllt' ll .l
Eo qu:rrtcr: ly dlstr ibuL Ions of interrupted vacirnc:y dur:at1ttn. 'flre c:ou-

clusion is chat average lnEerrupted vacancy duration does not vary

seasonally. That conErast.s with the conclusion in Appendix A that
the average complete vacancy duration does vary seasonally.

Table B.2

AVERAGE INTERRI.]PTED VACAI{CY DURATION
BY SEASON: IJNITED STATES , L975

Average Interrupted
Vacancy Duration

(weeks)

Season
Renter
Unlts

First quarter
Second quarter
Third quarter
Fourth quarter

Entire year

SOURCE: E ng VaeanaLes, first
through fourth quarters, 1975, Bureau
of the Census, Series H-111-75-1
through 4.

NOTE: Season averages were esti--
mated from Census data using the
method in Table B.1.

Table B.3 gives the Census Bureau estimates of the standard errors
for the percentages in Table B.1. Because those percentages are un-

certai.n, the vacancy durations in Table B.1 are also uncertain. To

calculate the standard error of the average interrupted vacancy dura-
ti-on, we used the formula L(iUsul 100)2, where iO = average inter-
rupted vacancy duration for interval k and sr. = standard error of

TC

per:cenf of vacant units in interval k. See the middle column of Table

4.I for the resu.ltant standard errors.

16.0
16 .4
L6.6
16. 1

16. 3

Owner
Units

26 .8
28.3
26.9
28. 8
27 .4
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Table B.3

STANDARD ERRORS OF ESTIMATED PERCENTAGES

OF VACANT I.INITS BY INTERRUPTED
VACANCY DURATION

Interrupted
Vacancy Duration

Standard Error of Est.imated
Percent of Vacant Units

Renter

Less than I monEh
I to 2 months
2 to 4 months
4 to 6 months
6 to 12 months
12 months or more

SOURCE : Housing Vacancies, arlnual staElstics
L975, Bureau of rhe Census, Seri-es H-111-75-5 'Table C, p. 11.

For the ratio of interrupted to complete durations given ln the

Iast column of Table 4.1, R = E(i)/E(t), the standard error was com-

puted using the rule for error propagation under dlvision: the

square of the relative error equals the sum of the squared relati-ve
errors of the numerator and denominator.

The standard error of the coefficient of variation, C, given

in Table 4.2 equaLs the st.andard error of the ratio in Table 4.1

divided by the coefficient of variaLion. To see why that is so, we

f irst i-nvert Eq. (5) to yield C 2R - 1. As fr has a standard error,
r, the formula becomes C = (fr t r) - 7, which equals (2R - 1) ! 2r,.

Fina1ly, using Ehe rule EhaE taking the square root halves the rela-
tive error, we conclude that C = 2R

7

6
6
5
5

5

-1xr,/ 2R - 1.

As reported ln Table 4.2, the resulting standard error of esti-
mate is only .05, which is very small compared wlth the 2.3 coefficient
of variaEion of vacancy duraEions. However, the .05 figure includes
only error due to sampling variability, not to measurement error.

At least three sources of measurement error affect our estimate

of the coefficient of variation: (1) error in the estimate of prior
moves used in calculating turnover rate (see Table A.2), (2) error in

Owner

.8

.7

.8

.8

.9
1.0
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the j-nt.erval averages for the discribution of inEerrupted vacancy

duration (see Table B.1), and (3) error in the interrupted vacancy

durations reported Eo the Bureau of the Census. The third error occurs

because a vacant unit, by definition, has no occupanE to interview.
The Bureau must ask an "informed respondenE" how long the unit has been

vacant, and the answer may not have the accuracy that could have been

obtained from an occupant. If such errors could be quantified, the

revised standard error would surely be considerably larger than .05.

Nevertheless, we judge it very unlikely that measurement errors are

large enough to threaten the conclusion that the coefficient of varia-
tion for vacancy durati.ons is greater than 1.0.
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Appendix C

RELATION BETWEEN THE VACANCY-ENDING RATE AND

THE VARIABILITY OF VACANCY DURATIONS

The vacancy-ending rate is the fracti-on of vacancies that end per

unit of time, as dwellings are rented, sold, or removed from rhe
*

housing market. If Ehe vacancy-ending rate of the surviving vacan-

cies in a cohort has a consisEent trend, a useful statement can be made

about the variation of vacancy durations.

THEOREM: VARIATION OF VACANCY DURATIONS

If the vacancy-ending rate decreases (is constant., lncreases) over

time from the start of the vacancy, then the coefficient of variation
for vacancy duraElons is greater than (equa1 to, less than) 1.0.

REMARKS

The t.heorem is true regardless of the reason for the increase

or decrease in vacancy-endlng rate. Increases can be caused only by

a change in the vacancy-ending rate for speclfic units in a cohort of
vacancies. Decreases, however, can be caused either by a change in
t,he vacancy-ending rate for speclfic units or by a sorting of non-

uniform constanE rates as the cohort of vacanci-es ages. If all vacan-

cies do not have ldentical rates, vacancies with low ending rates will
become an i-ncreaslng proportion of the surviving vacancies, so the

vacancy-ending rate for the cohort will decrease.

The text observes that the coefficient of variation for vacancy

durations is greater than 1.0, argues Ehat vacancy-ending rates might

lncrease but cannot decrease for specific unltsrno "rrd therefore

*
This appendix ls a limited adaptation of the discussion of fail-

ure rates for materials, struct.ures, and devices ln Richard E. Barlow
and Frank Proschan, Mathanatical Theory of Reliability, John Wiley &

Sons, New York, 1965, pp. 22-33.
**""Although landlords or ohrners, discouraged by a unltrs long vac-

ancy, might lower iEs rent or purchase price and thereby increase its
vacancy-endlng rate, Ehey would not act to deerease the rate.
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concludes that the sorting of nonuniform vacancy-ending rates must be

causing the observed varlatlon ln vacancy durations. Flnally, the

texr argues that the nonunlformity of vacancy-endlng rates implles

that submarkeLs exist. The t.heorem proved ln thls appendix ls thus

used twice in the textrs argument--first to show Ehat vacancy-ending

rates that increase for specific units could not cause the observed

variation ln vacancy durations, and second to show that nonuniform

constant vacancy-ending raEes eould cause the observed variation in
vacancy durarions.

The proof of the theorem uses exponentlally dlstributed vacancy

durations as a benchmark case; the case has a constant vacancy-endlng

rate and a coefficient of variation equal to 1.0. Then the proof uses

three lenmas to show that cases on either side of the benchmark estab-
lish the theorem.

NOTATION

0 = duration of a vacancy,

f(t) = the density functldn, giving Ehe fraction of vacancies

that have duration r,
,9(c) = C=* f<Dd.t = the survivor functlon, giving the fractlon

of vacancies that last as long as or longer Ehan r,
r(x) = f(s)/S(r) = the vacancy-ending rate, givlng the rate at

which surviving vacancies end, as a fuirction of survlval
time c,

g (*r) I1:o *nf (r)dt = rth moment of
duration; for exampLe, E(r) is
is the variance about the mean, and

E@21 - tE(c) l /E(r) = the coefficient of variation for
vacancy durations, Ehe ratio of the standard deviation to
the mean.

THE EXPONENTIAL BENCHMARK

If the density function is exponential, f(r) = X erp(-lc), then

the survivor function i-s also exponential, S(r) = efip(-lc), the mean

is E(r) = 1/\,, the second moment is g(xZ) = 2/\2, the coef f iclent of

the distribution of vacancy

rhe mean and. E(t2) - tT(x)l Z

L_



-52-

variat,ion is 1.0, and the vacancy-ending rate is a constant, n(t) = l.
That proves the constant vacancy-endlng rate part of the theorem and,

it turns out, establishes a benchmark with r^rhich t,o prove the rest,

LEMl,lA 1: SHAPE OF THE SURVIVOR FIINCTION

If and only if the vacancy-ending rate decreases (is constant,

i-ncreases), then the survivor function is 1og convex (1og linearr log

concave) .

- * tr*t
o,rProof. n(n) : dn Log S(r)f (a)

S(c) S(x)
d

fu o<*'t 1, o iff
.2

o*?,'"n 
s(t) i o

LEMMA 2: DEFINITION OF MOMENTS USING THE SURVIVOR FUNCTION

E(*?7 =v [ *"-' s(e)dn
J

^-n&-v

Proof

where

IntegraEe by parts.

6

I o<an> = o4

@

0
i

t=0
)(ds h t

t=0

r.g=fi

h=L-^9(c)

. t,-Ld4=?fi

dh = f(c)

o

&=0
r

x=0

@

E(aP'1 = I *rords = {tt - s(r)t o*n'111 - s(r))dn

6

0
I

&=0

0

S(s)dn ,= -*ns(*) +? r,-L
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which establishes the lenura because S(r) = 0 beyond some finlte r (no

vacancy lasts forever).

LEM}4A 3: COMPARISON OF THE SURVIVOR FUNCTION WITH
THE EXPONENTIAL FUNCT ION I{AVING THE SAME }MAN

If the vacancy-ending rate decreases (increases), then the sur-
vivor functlon wit,h mean l/l crosses efip(-trr) once ffom below (above).

Proof. S(r) arrd enpl-Ir) both starE at 1.0 when * = 0. The curves

cannot cross more than once, and if they do cross must do so from the

stated direction because of the shape known from lenuna 1. The curves

must cross at least once because we specl-fy equal means, and lemrna 2

shows that the areas under the two curves in the positive quadrant

are equal.

PROOF OF THE THEOREM

hle have already establlshed the constant vacancy-ending rat.e part
of the theorem. To prove the rest we use lemmas 2 and 3.

If the vacancy-ending rate decreases (increases), then where S(c)

has mean 1l), arrd c* is the unlque polnt (see lenuna 3) at which S(c)

crosses erp(-Xr), the result is

[n - r*) [S(r) - erpl-Ic) )dn 
>. 

O ,

because when r - r* is negative then S(c) - erp(-l,r) is negative (posi-
tive), and when r - r* i-s positive then S(r) - eup(-Ir) is positi-ve
(negative)--making the i-nEegrand always positive (negative). The

implication is that

2

Z I
&:0

I
f:0

rls (u) - erp(-Ir) ld,x I o ,
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because lemma 2 shows that the equality of the means causes the term

with r* to be zero.

Finally, again using lemma 2, and recognizing that for Ehe expo-

nential disEribut ion g(x?) = ZlE(s)f2, ," find that

@@

e@2) _o
-d [ * rdtat I z [ * n*oG\r)dr : 2lE(r))2 t

r=0 &=0

which proves the theoremrs impllcation that

t (a2)
o

/f

IE(&) )
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